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Abstract— In the past years, many methods have been devel-
oped for robotic peg-hole-insertion to automate the assembly
process. However, many of them are based on the assump-
tion that the peg and hole are well aligned before insertion
starts. In practice, if there is a large pose(position/orientation)
misalignment, the peg and hole may suffer from a three-
point contact condition where the traditional assembly methods
cannot work. To deal with this problem, this paper proposes an
autonomous alignment method by force/torque measurement
before insertion phase. A three-point contact model is built
up and the pose misalignment between the peg and hole is
estimated by force and geometric analysis. With the estimated
values, the robot can autonomously correct the misalignment
before applying traditional assembly methods to perform inser-
tions. A series of experiments on a FANUC industrial robot and
a H7h7 tolerance peg-hole testbed validate the effectiveness of
the proposed method. Experimental results show that the robot
is able to perform peg-hole-insertion from three-point contact
conditions with 96% success rate.

I. INTRODUCTION

Peg-hole-insertion, i.e., inserting a round peg into a round
hole, is a common task in assembly process. In the past
several years, many methods have been developed for robotic
peg-hole-insertion. There are passive methods, such as re-
mote center compliance (RCC [1]), and active methods, such
as impedance control [2], admittance control [3] and hybrid
force/velocity control [4]. The general idea is to make the
system compliant to the environment and to modify the
nominal trajectory on-line to minimize contact force during
assembly.

Fig. 1 shows the four possible alignment conditions before
insertion begins. From left to right, they are ‘line contact’,
‘one-point contact’, ‘two-point contact’ and ‘three-point con-
tact’, respectively. Many robotic peg-hole-insertion methods
focus on the insertion phase and assume that the peg and
hole are already well aligned. Those methods work well only
if the initial configuration is one of the first three contact
conditions [5]. Insertion with a three-point contact is quite
difficult because three degrees of freedom of the peg with
respect to the hole are constrained. Therefore, there is little
space left for the robot control algorithm to compliantly
insert the peg into the hole.

If the assembly environment is well structured, i.e., the peg
and hole’s poses are known in advance, then it is not difficult
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Fig. 1. Four alignment conditions between peg and hole before insertion.

to generate a suitable trajectory to align the two mating
parts accurately. However, in many cases the environment
is unstructured. For example, in a human-robot-collaboration
(HRC) scenario [6], the pose of the hole is unknown to the
robot. The human operator guides the robot arm via lead-
through-teaching mode to align the peg coarsely towards the
hole. It is highly possible that insertion starts with the three-
point contact condition. Note that in Fig. 1(d), the tilt angle is
exaggerated for the ease of illustration. In practice, the three-
point contact may appear more frequently compared to the
other three conditions, especially in high precision industrial
tasks where even a small tilt angle can result in a three-point
contact.

There are several works that address the peg hole align-
ment problem in different ways. In [7] and [8], the pose of the
hole was estimated by vision feedback and the autonomous
alignment was realized by visual servoing. However, these
vision based methods require additional vision sensors,
which increase the system cost and complexity. Moreover,
the hole’s orientation is estimated by the normal vector
of the surface around the hole. This involves making an
implicit assumption that the hole is perpendicular to its
surrounding surface, which is not always the case [9]. [10]
and [11] performed the peg hole alignment by force control.
They first adjusted the peg’s orientation by pressing the
peg’s free end flushed against the hole surface and then
randomly slid the peg on the surface to eliminate position
misalignment. However, this method also requires the hole
to be perpendicular to its surface and random search may
make the cycle time long.

To deal with these problems, a new peg hole alignment
method based on geometric and force analysis is proposed in
this paper. It utilizes force/torque (F/T) sensor measurement
to estimate the relative pose from the peg to the hole under
the three-point contact condition. Based on the pose estima-
tion, a compensation movement is generated and applied to
directly eliminate the peg hole misalignment. This method
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Fig. 2. Schematic diagram of peg hole insertion.

does not require vision sensors, sliding on the surface, and
also does not require the hole to be perpendicular to its
surrounding surface. Therefore, the proposed method is non-
costly, efficient and robust.

The remainder of this paper is organized as follows:
Section II discusses the three-point contact in details and
the requirements to avoid three-point contact. Section III
introduces the geometric and force analysis of the three-
point contact model, from which the closed form equations
for the relative pose from peg to hole are derived. An
optimization formulation is also introduced to estimate the
friction coefficient. In Section IV, a series of experiments are
performed on FANUC LR Mate 200iD/7L [12] to show the
effectiveness of the proposed method. The robot succeeded
in peg-hole-insertion from three-point contact condition with
96% success rate. The supplementary videos can be found
at [13]. Section V concludes the paper and proposes future
works.

II. ANALYSIS OF INITIAL CONTACT CONDITIONS

Fig. 2(a) shows the cross section of the peg and hole,
where R is the hole radius, r is the peg radius, and α is the
tilt angle between peg axis and hole axis. Denote the center
point of the peg’s end face as OP, and the center point of the
hole as OH . Note that if the hole is chamfered with width
w, then OH is not on the surface of the hole, but below the
surface. The lateral distance between OP and OH along the
hole’s radius direction is denoted as LPH .

The misalignment between peg and hole is defined by the
position misalignment (LPH ) and the orientation misalign-
ment (α). The peg would contact the chamfer instead of the
surrounding surface if the following equation is satisfied,

LPH < R− r cos(α)+w (1)

With the compliance that robot provides (either by passive
methods or active methods), if the peg contacts the chamfer
first, it could then slide along the chamfer and finally make
contact with the hole. Equation (1) highlights the importance
of chamfer. R−r cos(α) on the right hand side is typically a
small number compared to chamfer width w. Therefore, the

additive w term relaxes the difficulty in position alignment
for assembly.

Suppose the peg has slid along the chamfer and finally
contacts the hole, then the orientation misalignment (α) will
determine which initial contact condition (see Fig. 1) will
occur. As shown in Fig. 2, the peg’s cross section, marked by
the red dashed line, is projected to the hole’s surface plane.
The length of the projected ellipse’s major axis is 2r/cos(α).
Three-point contact occurs if and only if

2r
cos(α)

> 2R (2)

Equation (2) can be rewritten as

α > cos−1(
r
R
) (3)

which indicates that if the tilt angle is larger than a threshold,
the three-point contact will occur. The smaller the clearance
between peg and hole, the lower the threshold.

The following section will introduce how to compute the
estimated lateral distance L̂PH and the estimated tilt angle α̂

from contact forces and torques. Then the robot can apply
a compensation movement from these estimates to eliminate
pose misalignment. From (1) and (3), if the estimation errors
of L̂PH and α̂ are bounded by

‖L̂PH −LPH‖< R− r cos(α)+w≈ w (4)

‖α̂−α‖< cos−1(
r
R
) (5)

then the residue LPH and α after compensation are small
enough to get out of the three-point contact state. Exper-
imental results in Section IV will show that the proposed
method’s estimation errors satisfy the above bounds.

III. AUTONOMOUS ALIGNMENT ANALYSIS

This section will derive the relative pose from peg to hole
by force analysis and geometric analysis, assuming that the
peg and hole are in a three-point contact condition.

A. Force Analysis

As shown in Fig.3, the Cartesian coordinates xP−yP− zP

are attached to the peg center point OP, where zP is parallel to
the peg axis, and xP is selected such that the peg and hole are
symmetric about the xP− zP plane. Among the three contact
points, denote the one on the peg’s cylindrical surface by
Pc, and the other two symmetric points on the end face by
Pe1 and Pe2. On contact point Pc, the normal force applied
to the peg is Fc along xP axis, and the friction force is µFc
along zP axis, where µ is the friction coefficient. On contact
points Pe1 and Pe2, the normal force is Fe along zP axis, and
the friction force is µFe along xP axis [14].

The forces on the three contact points generate resultant
forces Fx, Fz and torque My on center point OP, with

Fx = Fc +2µFe (6)
Fz = µFc +2Fe (7)

My = Fch+µFc · r+2Fe · r sin(β ) (8)
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Fig. 3. Force Analysis of three-point-contact

where h denotes the distance between Pc and OP along zP,
and β denotes the angle between

−−−→
OPPe1 and yP.

Fx, Fz and My can be measured by the F/T sensor equipped
at the robot end-effector. If µ is known, then Fe and Fc
become

Fe =
Fz−µFx

2(1−µ2)
(9)

Fc =
Fx−µFz

1−µ2 (10)

Substitute (9) and (10) into (8) to get

µ
2(rFz−My)+µ{hFz +[sin(β )−1]rFx}

+[My−hFx− sin(β )rFz] = 0 (11)

Equation (11) can be furthur simplified to

My−hFx− sin(β )rFz = 0 (12)

if µ ≈ 0.
Equations (11) and (12) indicate that h and β form an

equality constraint with the force/torque measurement values.
The following geometric analysis will show that h and β are
both functions of tilt angle α , which leads to the closed form
expression of α .

B. Geometric Analysis

Similar to the above analysis, another Cartesian coordi-
nates xH−yH−zH are set up and attached to the hole center
point OH , with zH along the hole axis and yH parallel to the
yP. Note that the peg and hole in Fig. 4 are supposed to be
in contact, but the peg in the figure is lifted virtually for the
ease of coordinates illustration.

The transformation matrix from the hole coordinates to
the peg coordinates is

T H
P =


cos(α) 0 −sin(α) ∆OH

x
0 1 0 ∆OH

y
sin(α) 0 cos(α) ∆OH

z
0 0 0 1

 (13)
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Fig. 4. Geometric Analysis of three-point-contact

where [∆OH
x ,∆OH

y ,∆OH
z ]

T is the position of OP in the hole
coordinates.

The three contact points Pc, Pe1 and Pe2 can be described
by the two coordinate frames [5]:

PP
c =

[
−r 0 h 1

]T (14)

PP
e1 =

[
−r sin(β ) −r cos(β ) 0 1

]T (15)

PP
e2 =

[
−r sin(β ) r cos(β ) 0 1

]T (16)

PH
c =

[
−R 0 0 1

]T (17)

PH
e1 =

[
Rsin(β ′) −Rcos(β ′) 0 1

]T (18)

PH
e2 =

[
Rsin(β ′) Rcos(β ′) 0 1

]T (19)

The above six vectors should satisfy the following con-
straints,

PH
c = T H

P ·PP
c (20)

PH
e1 = T H

P ·PP
e1 (21)

PH
e2 = T H

P ·PP
e2 (22)

Substitute (14)-(19) into (20)-(22) to get the expressions
of β and h with respect to α ,

h =
2R−2r cos(α)

sin(α)
(23)

β = sin−1
(

r cos2(α)−2Rcos(α)+ r
r sin2(α)

)
(24)

Furthermore, the position offset between the two origins
OP and OH can be derived in the hole frame,

∆OH
x = R− r cos(α) (25)

∆OH
y = 0 (26)

∆OH
z =

r cos2(α)−2Rcos(α)+ r
sin(α)

(27)
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Fig. 5. Trajectory to compensate the misalignment between peg and hole.

C. Autonomous Alignment by Compensation

Substituting (23) and (24) into (11), we arrive at an
equation with α as the only unknown variable

(Fz−µFx)
[
r cos2(α)−2Rcos(α)+ r

]
+2(Fx−µFz)sin(α)(R− r cos(α))

=
[
(rFz−My)µ

2− rFxµ +My
]

sin2(α) (28)

In practice, the radius of peg and hole are very close,
otherwise the peg could be loosely inserted and there is
no need to apply peg alignment. By assuming R ≈ r, then
the following simplified closed form expression for α is
obtained,

α = 2tan−1(−Fx−µFz

Fz−µFx

+

√
r2(Fx−µFz)2 + r(Fz−µFx)[(rFz−My)µ2− rFxµ +My]

r(Fz−µFx)
)

(29)

which describes the orientation misalignment between peg
and hole in the three-point contact condition.

Because it is easier to program the robot end-effector’s
movement in the tool coordinates, (25)-(27) are transformed
to obtain the position of OH in the peg coordinates,

∆OP
x = Rcos(α)− r (30)

∆OP
y = 0 (31)

∆OP
z =

Rcos2(α)−2r cos(α)+R
sin(α)

(32)

which represent the position misalignment between peg and
hole in the three-point contact condition.

With these misalignment estimations, a compensation tra-
jectory can be generated to eliminate the misalignment. Fig. 5
shows one possible trajectory that was designed in this work.
Starting from the three-point contact condition, the robot first
backs the peg back along the peg axis (Fig. 5(b)), then adjust
the peg’s pose such that it is accurately aligned above the
hole (Fig. 5(c)). This adjustment takes place in the air in
order to avoid collision. Finally, the robot feeds the peg
straight down towards the hole until contact (Fig. 5(d)).
With this compensation, the three-point contact would be
effectively eliminated and the peg is aligned to the hole
with line contact, one-point contact or two-point contact
conditions. Then traditional assembly methods can be used
for insertion.

TABLE I
SIZE OF TESTBED

inch (UI) mm (SI) Tolerance
Hole 1.000+0.0001

−0.0000 25.400+0.003
−0.000 H7

Peg 0.999+0.0000
−0.0002 25.370+0.001

−0.000 h7

D. Estimation of Friction Coefficient

Estimating the tilt angle α by (29) requires the friction
coefficient µ between peg and hole. The nominal friction co-
efficient between two materials is easy to get from reference.
However, in practice, the friction coefficient is influenced by
the shape, size, and chamfer of the mating parts on top of
the material type. This subsection introduces a method to
estimate the friction coefficient if unknown.

From (29), the tilt angle is estimated by a nonlinear
function

α̂ = f (µ,m) (33)

with µ and m as variables, where m are the measurement
values from F/T sensor. In experiment, suppose we already
know the accurate pose of the peg and hole, then the real tilt
angle is known. By comparing the real α and the estimated
α̂ , the friction coefficient can be regressed by solving the
following optimization problem

µ
∗ = argmin

µ

n

∑
i=1
‖αi− α̂i‖2 (34)

s.t. α̂i = f (µ,mi)

Since the constraint is highly nonlinear, there is no guar-
antee for a global minimum. The nominal friction coefficient
can be utilized as the initial value in order to get an
acceptable local minimum.

IV. EXPERIMENT

To demonstrate the performance of the proposed alignment
method, a series of experiments were performed on an indus-
trial robot, FANUC LR Mate 200iD/7L [12]. Experimental
video can be found at [13].

The testbed is shown in Fig. 6. The peg and hole were both
machined from Aluminium 6061-T6, with a peg diameter of
0.999in (25.370mm), a hole diameter of 1.000in (25.400mm)
and 1.0mm chamfers. The assembly tolerance is industry
standard H7h7 (see Table I). An ATI Mini45 F/T sensor [15]
is embedded in the robot end-effector to measure the force
and torque during assembly.

The first part of the experiment is designed to estimate
the friction coefficient µ . The hole is fixed with a known
pose as well as having its axis aligned with the vertical
line. The peg is grasped and pushed towards the hole with a
three-point contact configuration by the robot. The pushing
force is around 10N along the −zP direction and 30N
along the −xP direction. The peg is tilted at four known
angles, 10.36◦,15.75◦,20.38◦,26.47◦, and the corresponding
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Fig. 6. Peg-Hole-Insertion Testbed. The diameters of peg and hole are
25.370mm and 25.400mm respectively, with 0.030mm clearance (H7h7
tolerance). The model of industrial robot is FANUC LRMate-200iD/7L.
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Fig. 7. Estimated tilt angles in four calibration measurements.

force/torque measurements are recorded at these four config-
urations. The friction coefficient µ is estimated by solving
the nonlinear optimization (34) by MATLAB Optimization
Toolbox [16] with initial value µ0 = 0.4 [17]. The optimal
solution is µ∗ = 0.289. As shown in Fig. 7, the estimated
tilt angles using µ∗ are 10.86◦,15.02◦,20.63◦,26.28◦ respec-
tively, which are all close to the aforementioned actual tilt
angles.

After µ is estimated, the second part of the experiment is
performed to estimate the pose misalignment between peg
and hole. In this experiment, the hole is randomly placed
by the human operator. The robot has no prior information
on the pose of the hole. By lead through teaching mode,
the human operator guides the robot arm to approach the
peg to contact the hole. Then the robot switches to force
control mode, and autonomously applies constant force to
push the peg to maintain close contact. The pushing force
is around 10N along the −zP direction and 30N along the
−xP direction. Forces/torques are measured and then the tilt
angle (α) as well as the hole center position (OH relative to
OP) are estimated respectively by (29)-(32).

As discussed in Section II, there will be errors in the
misalignment estimations. However, if the estimation errors
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Fig. 8. Estimated tilt angles from force/torque measurements.

are bounded by (4) and (5), the peg and hole will no
longer be in three-point contact after compensation. For this
specific testbed, the error bound for orientation estimation
is cos−1(25.370/25.400) = 2.785◦, and the error bound for
position estimation is w = 1mm.

Fig. 8 shows the orientation estimation results. The hori-
zontal axis denotes the real tilt angle, and the vertical axis
represents the estimated tilt angle. In twenty five experi-
ments, most of the orientation estimations are inside the error
bounds (±2.785◦), except for one case which has a deviation
of −5.1◦. The average of absolute estimation errors is 1.248◦.
One interesting observation is that these estimations are not
evenly distributed around the ideal estimation line (blue line
in Fig. 8). Estimations tend to be larger when α ∈ [10◦,20◦]
and to be smaller when α ∈ [20◦,30◦]. This trend can
possibly be attributed to the fact that our estimation equation
for orientation (29) utilizes a constant friction coefficient µ .
In practice, however, the friction coefficient might vary if the
tilt angle between peg and hole changes.

Fig. 9 shows the estimation results of the hole’s position.
The horizontal axis denotes the experimental index from 1
to 25. The vertical axis represents the position estimation
error in the xH direction in each experiment. The average of
absolute estimation errors is 0.3546mm. All of the position
estimations are within the error bounds (±1mm).

After the pose misalignment is estimated, a compensation
trajectory is generated and performed by the robot to elim-
inate the misalignment (see Fig. 10(a)-(c)). It first pulls the
peg back and then aligns the peg towards the hole in the
free space. In Fig. 10(d), since the three-point contact has
been ruled out, traditional hybrid force/velocity control is
utilized here to insert the peg into the hole. In the twenty five
experiments, robot successfully inserts the peg into the hole
twenty four times (96% success rate). The only unsuccessful
experiment fails because the residue tilt angle between peg
and hole is larger than the error bound (see Fig. 8).

To conclude, the experimental results show that the pro-
posed alignment method can accurately estimate the pose
misalignment between peg and hole. The misalignment can
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Fig. 10. Autonomous alignment procedure for peg hole insertion.

be effectively compensated by the designed compensation
trajectory. After compensation, traditional assembly methods
can be applied to insert the peg into the hole. This alignment
method has many promising applications. For example, in
the future assembly line, there is no need for the human to
measure the hole’s pose or program the robot an approaching
trajectory. The human can roughly lead the robot to put
mating parts into contact with each other, then the robot
can autonomously correct the misalignment and perform
assembly.

V. CONCLUSIONS

For peg-hole-insertion task in an unstructured environ-
ment, the peg and hole might suffer from a three-point con-
tact condition, where traditional robotic assembly methods
cannot work. To deal with this problem, an autonomous
alignment method is proposed in this paper. The closed
form equations for peg-hole misalignment are derived from
a force and geometric analysis. A compensation trajectory
is designed to realign the peg and hole to avoid three-point
contact. The friction coefficient is estimated by nonlinear
optimization and a series of experiments are performed to
test the proposed method. Experimental results show that the
misalignment between the peg and hole with H7h7 tolerance
can be effectively eliminated and the robot can conduct peg-
hole-insertion from three-point contact condition with 96%
success rate. In the future, we will test the performance
of this method on more peg-hole testbeds, with different
materials, sizes and tolerances.
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